In this paper we prove a strengthening of the classical Chung-Feller theorem and a weighted version for Schröder paths. Both results are proved by refined bijections which are developed from the study of Taylor expansions of generating functions. By the same technique, we establish variants of the bijections for Catalan paths of order d and certain families of Motzkin paths. Moreover, we obtain a neat formula for enumerating Schröder paths with flaws.
Introduction
In this paper we consider lattice paths in the plane Z × Z using north (0, This result provides a bijective proof for a refined version of the Chung-Feller theorem.
By the same technique, similar results are proved for Catalan paths of order d (Theorem 3.1) and a more general case (Theorem 3.3). Our bijection is inspired by the previous study of Taylor expansions of generating functions [8] . By a Taylor expansion, we mean that a generating function is expanded in a form the remainder of which is expressed as a function of the generating function itself. For example, the n-th Taylor expansion of C can be expressed in the form
where F n (z) = We shall prove this result by a couple of bijections (see Theorem 6.1). In fact, these bijections are motivated by the n-th Taylor expansion of the generating function for Schröder numbers
where
3). We observe that the latter part x n G n (R)R of the remainder coincides with the generating function for the number of Schröder paths of length m with n flaws. In order to obtain Chung-Feller type identities, we assign weights to paths in such a way that the generating function for the total weight of the set of Schröder paths with n flaws becomes x n (G n (R) + G n (R)R). It turns out that the weighting scheme in Theorem 1.2 is not unique (see Corollary 6.2).
We organize this paper as follows. The proof of Theorem 1.1 is given in Section 2 and similar results are proved for Catalan paths of order d and a more general case in Section 3. As noted in [12] , there is a Chung-Feller variation for Motzkin paths, which concerns the positions of the absolute minima of the paths. We prove a refinement of this result in Section 4. The Taylor expansions of R are derived in terms of generating functions in Section 5, the proof of Theorem 1.2 is given in Section 6, a neat formula for enumerating
Schröder paths with flaws is given in Section 7, and some asymptotic results regarding average number of returns of paths are given in Section 8.
A refined Chung-Feller theorem
The first proof of the classical Chung-Feller theorem, which appeared in [2] , used an analytic method. In [10] Narayana gave a combinatorial proof by using cyclic permutations of paths. There are other Chung-Feller type results on various parameters (e.g., rightmost minimum point) of Catalan paths, which are proved by the technique known as the "cycle lemma" (e.g., see [4, 15] ). We now provide a bijective proof of a refined Chung-Feller theorem.
Let C m denote the set of Catalan paths of length m and let N (x,y) denote the north
Given a path π ∈ C m (p, n), the section of π from (0, 0) to (p, n), denoted by γ 
is the first east step that goes from the line y = x + i to the line y = x + i − 1. On the other hand, the blue section γ
is the last north step that rises from the line y = x + i − 1 to the line y = x + i (note that all of the µ i and ν i are Catalan paths of certain lengths). To establish a mapping, form a new section
, with N n−p moved to the beginning and denoted by N 0 ) and let ν i be the section of the path obtained from ν i by interchanging north and east steps in ν i . Define a mapping φ p which carries π = γ
Since the n − p blocks E n−p ν n−p N n−p−1 , . . ., E 1 ν 1 N 0 of flaws have a projection of length n upon the y-axis (equal to that of γ
p , we observe that each path τ ∈ C * m (n, n − p) has a unique factorization of the form indicated in ( For example, take m = 9, n = 5, and p = 2. On the left of Figure 1 is a path π ∈ C 9 (2, 5). The red section γ + 5 (π) (from (2, 5) to (9, 9) ) has a factorization γ 11, 12, 13, 14) , µ 1 is trivial, and µ 0 = (17, 18). On the other hand, the blue section γ
On the right of Figure 1 is the path φ 2 It follows from Theorem 1.
Hence we deduce the classical Chung-Feller theorem anew. 
), which is the remainder part of the n-th
Taylor expansion of C [7, 8] . [4] , and T satisfies the equation
, where E 1 is the first east step that reaches Let N (x,y) denote the north step from (x, y − 1) to (x, y). By considering the first step that meets the line y = n, we partition the paths in T
, where
Consider a section of a path of the form µE, where µ starts from and remains above a line, say y = x + h for some h ≥ 0, and E is the first east step that passes below the line
m (dp, n), note that the point (dp, n) is on the line y = x + n − dp. We observe that the section γ + n (π) from (dp, n) to (dm, dm), called the red section, has a unique factorization, called the normal factorization, of the form γ
, where E k is the first east step that passes below the line y = x + n − dp,
is the first east step that goes lower (i.e., closer to the line y = x) than E i+1 does, and E 1 is the first east step that reaches the line y = x. Note that each segment Theorem 3.1 For 0 ≤ dp < n ≤ dm, there is a bijection between the set of Catalan paths of order d of length dm containing the north step from (dp, n − 1) to (dp, n) such that the normal factorization of the section from (dp, n) to (dm, dm) of each path contains a i segments of type 
n − dp.
Proof:
We shall establish a bijection φ between the two sets. Given a path π in the first set, factorize the red section γ
On the other hand, the blue section γ − n (π) (from (0, 0) to (dp, n)) has a factorization γ
dp N n−dp , where N i (1 ≤ i ≤ n − dp) is the last north step that rises from the line y = x+i−1 to the line y = x+i, and each ν i is a CP(d) (possibly trivial).
To establish a mapping, form a new section γ
dp−1 ν n−dp from γ − n (π) (with N n−dp moved to the beginning and denoted by N 0 ) and then factorize it into
Moreover, define ω i to be the reversal of the steps in ω i (i.e., obtained by flipping ω i horizontally and then vertically). Define a mapping φ that carries π into
We observe that the block E i ω i of flaws is of type B j if µ i is of type A j . Hence there are a i blocks of type
n − dp. Moreover, the n north steps of γ − n (π) are partitioned into the k blocks of flaws of φ(π). Hence φ(π) is a member of the second set.
To find φ 
(7), which has 2 nontrivial blocks of flaws. , for 0 ≤ n ≤ m. 
m (dp, n) denote the first set of paths in Theorem 3.1. It follows that To see this, let G m (p, n) ⊆ G m be the set of paths containing the north step from , we observe that each path τ ∈ G * m (n) has a unique factorization of the , simply reverse the operation.
For illustration, take m = 4 and n = 2. The first two paths in Figure 5 touch (2, 0) and the other two paths touch (2, 1). They are carried into the four paths of H * 4 (2) in Figure 6 from left to right accordingly. Note that the first two paths in Figure 6 have the absolute minima at (2, −1) and the other two paths have the absolute minima at (2, −2). 
By Theorem 4.1, we have |H
* m (m − n)| = t−1 i=0 |H * m (m − n, i + 1)| = t−1 i=0 |H m (n, i)| = |H m | = e
Taylor Expansions for large Schröder paths
In the following we shall derive the Taylor expansions of R in terms of generating functions. 
Given a path π ∈ R m , let γ − n (π) denote the section of π from (0, 0) to the first step that meets the line y = n, called the blue section, and let γ (iii) and (iv) can be proved by similar arguments.
Theorem 5.3 The n-th Taylor expansion of the generating function for large Schröder numbers can be expressed in the form
where G n (z) = 
as required. (3, 6) to (10, 10) ) has a factorization γ + 6 (τ ) = µ 3 E 3 µ 2 E 2 µ 1 E 1 µ 0 , where E 3 = 12, E 2 = 13, E 1 = 16, µ 3 = (9, 10, 11), µ 2 is trivial, µ 1 = (14, 15), and µ 0 = (17). Also the blue section γ − 6 (τ ) (from (0, 0) to (3, 6) ) has a factorization γ (1, 2, 3) , ν 2 is trivial, and ν 3 = (6, 7). Form a new path γ
On the right of Figure 7 is the path σ 3 
, which ends with a north step. 
denote the set of paths that end with a north step. For a π ∈ R * m (n), define w(π) = 2 if π ends with a north step, and w(π) = 1 otherwise. By Theorem 6.1, we have
and hence the assertion follows.
There is an alternative weighting scheme for R * m (n) that ensures a similar result. 
Let A m (n) ⊆ R m be the subset of paths with at least one diagonal step in the segment from (0, 0) to (n, n) of the line y = x. The paths in A m (n) are partitioned into A m (q, n), for q = 1, . . . , n, where 
In case of n = m, we have the following result. 
Moreover, since R = 2S − 1, we have
In the following we consider the number of returns of large and small Schröder paths by an argument similar to the one used in [5, Section 7] . A return (to the line y = x) of a path occurs whenever there is an east step that goes from line y = x + 1 to line y = x. Let S n denote the set of small n-Schröder paths. Define X S n = {(P, π)| P is a point on the line y = x and π ∈ S n touches P }. To count the set X S n , note that π has a factorization π = µ 1 NνEµ 2 , where E reaches P , ν is a large Schröder path, and µ 1 , µ 2 (s n+1 − s n ), we have the following result.
Proposition 8.1
The total number of returns of all small n-Schröder paths is 1 2 (s n+1 − s n ).
For the case of large Schröder paths, count the set X R n of ordered pairs (P, π), where P is a point on the line y = x and π ∈ R n has a factorization π = µ 1 Nµ 2 Eµ 3 such that As a generalization, an extended return of a large Schröder path is either a diagonal step on the line y = x or an east step that goes from the line y = x + 1 to the line y = x.
For example, the path shown in Figure 11 has 4 extended returns.
Let X R n be the set of ordered pairs (P, π), where P is a point on the line y = x and π ∈ R n touches P . Since such a path π can be factorized as either of the form π = µ 1 Dµ 2 or π = µ 1 Nµ 2 Eµ 3 , where P is the end point of D or E, and µ 1 , µ 2 , µ 3 are large Schröder paths (possibly trivial), the generating function for the total number of extended returns of all large n-Schröder paths is R(x + xR)R = R (ii) The expected numbers of returns and extended returns of a large Schröder path approach 3 and 1 + 2 √ 2, respectively.
